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Abstract
Given a strictly increasing computable sequence of real numbers (with respect to the
Euclidean topology), one can deﬁne an eﬀective uniform space of the real line, where
the elements in the sequence are regarded as isolated. The relation between two
notions of computability of real sequences, one with respect to the Euclidean space
and one with respect to the uniform space as above, is discussed. As a consequence,
we prove the equivalence of two notions of sequential computability of a function
which is eﬀectively uniformly continuous on the intervals between the given points
and which may jump at those points.
1 Introduction
In [5], the eﬀective uniform space was deﬁned and was applied to attribute
some computational meaning to certain real functions which are discontinuous
with respect to the Euclidean topoloty. Examples of such real functions are
seen in Section 6 of [5]. In [6], on the other hand, the limiting recursive func-
tional was utilized to give a computational property to such functions. They
were investigated independently. Examples of such functions are seen in Sec-
tion 4 of [6]. Mathematical experience suggests us that these two approaches
are mutually convertible. We will conﬁrm that it is indeed the case, by ﬁrst
establishing the relations between the two notions of computable sequences of
real numbers. This is the motivation of the present article.
The universe of our discourse will be the real line. The computability of a
(sequence of) real number(s) with respect to the Euclidean topology will be
called R-computability.
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We will ﬁx an R-computable sequence of real numbers {ak}, where ak <
ak+1 for all k ∈ Z, Z being the set of integers. By taking the interval topol-
ogy on (ak, ak+1) and making each singleton {ak} an isolated point, we can
deﬁne an eﬀective uniform topology. There are less computable sequences
of real numbers with respect to this topology (called A-computable) than R-
computable sequences, while a single real number is R-computable if and only
if it is A-computable (proved similarly to Proposition 6.4 in [5]).
We can relate, however, those two kinds of computable sequences in a
certain way (Theorem 3.5: Section 3).
In [1], Gold introduced the notion of limiting recursive functions and func-
tionals. In particular, the partial functional Lim deﬁned by
Lim({Nmp}p) = lim
p
Nmp
for any recursive (double) sequence of natural numbers {Nmp} is limiting re-
cursive, where
lm = limpNmp if and only if ∃p∀q ≥ p(Nmq = lm)
Consider a function f which is eﬀectively (uniformly) continuous on (ak, ak+1)
and which may jump at ak (in the Euclidean topology). In approximating the
values of f by a recursive sequence of rationals, we extend the modulus of
convergence to be “recursive in {lm}.”
If, for any R-computable real sequence {xm}, a recursive sequence {Nmp}
is constructed and {f(xm)} is approximated with a recursive sequence of ra-
tional numbers with modulus of convergence which is “recursive in {lm},”
then we will call f “L-sequentially computable.” If, for any A-computable
real sequence {xm}, {f(xm)} is approximated with a recursive sequence of
rational numbers with a recursive modulus of convergence, then we call f
“A-sequentially computable.” It will be shown that f is L-sequentially com-
putable if and only if f is A-sequentially computable (Theorems 4.2 and 4.3:
Section 4).
Some examples of L-computable (hence A-computable) functions will be
presented at the end (Section 4).
Some basic notations as well as the deﬁnitions of the eﬀective uniform
space relative to {ak} and the limiting recursive functional are presented in
Section 2. Since we do not need the entire theory of the eﬀective uniform
space, we will conﬁne ourselves only to what are necessary for our purpose.
We will assume basics of the computability structure on the real line. See,
for example, [4] and [8] for a quick reference.
For the classical theory of the uniform space, we have referred to [2] and
[3]. The theory of the eﬀective uniform space has been presented in [5], and
the equivqlence of the two kinds of eﬀective convergence, one with respect
to an eﬀective uniform space and one with respect to its metrization, is dis-
cussed in [7]. The computability properties of some discontinuous functions
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are discussed in [6] and [5].
2 Preliminaries
When we talk about a computable sequence of real numbers {xm} with respect
to the Euclidean topology, we assume that it is represented by a recursive
double sequence of rational numbers and a recursive modulus of convergence,
〈{rmn}, α(m, p)〉, namely,
n ≥ α(m, p)⇒ |xm − rmn| < 1
2p
.
Then, {rmn} is said to eﬀectively approximate {xm} with modulus of conver-
gence α. We will denote this fact as xm  〈rmn, α(m, p)〉, or xm  〈rmn, α〉
for short.
In order to distinguish this computability from another one to be intro-
duced below, we call it “R-computable.”
We will subsequently assume the following [Assumption] throughout this
article. We will also use R, Z, N and Q to denote respectively the set of real
numbers, of integers, of natural numbers and of rational numbers.
[Assumption] Let {ak}k∈Z be an R-computable sequence of real numbers
satisfying ak < ak+1 and ∪k[ak, ak+1] = R.
Assume also that {ak} is represented by 〈{vkp}, γ(k, p)〉 (denoted by ak 
〈vkp, γ(k, p)〉, or for short, ak  〈vkp, γ〉), where {vkp} is a recursive (double)
sequence of rational numbers and γ is a recursive function.
We will ﬁrst deﬁne a uniform topology on the set of real numbers relative
to the given R-computable sequence {ak} as above, similarly to Deﬁnition 6.1
in [5].
In the following, it will be assumed k ∈ Z.
Deﬁnition 2.1 Put Ak = {ak}, Jk = (ak, ak+1), J = ∪kJk, A = {ak : k ∈
Z} = ∪kAk andAR = A∪J . Notice that, as a set, AR = R, and hence we will
simply talk about the real numbers or rational numbers when the topology is
not involved.
For n = 1, 2, 3, · · · and x ∈ AR, put Un(x) = {x} = {ak} if x ∈ Ak;
Un(x) = {y : y ∈ Jk, |x − y| < 12n} if x ∈ Jk, where |x − y| is the Euclidean
distance in R. Put A = 〈AR, {Un}〉.
Proposition 2.2 {Un} above is an eﬀective uniformity on AR. So, A =
〈AR, {Un}〉 is an eﬀective uniform space. (See Deﬁnition 2.1 in [5] for eﬀective
uniformity.)
Note Let {gi} denote a sequence of natural numbers. We say that a number-
theoretic function φ(k,m) (k ∈ Z, m ∈ N) is called “recursive in {gi}” if,
204
Yasugi and Tsujii
for any input 〈k,m〉, the value φ(k,m) can be computed recursively by using
ﬁnitely many (determined by k,m) values of {gi}.
In [1], Gold deﬁned the notion of limiting recursion, that is, if, for a re-
cursive (number-theoretic) function g(p, n), the value will eventually become
stationary with respect to n, then the computation of that stationary value for
p is called the limiting recursion. He also extended the notion of the limiting
recursion to that of functionals.
Deﬁnition 2.3 ([1]:Gold) (1) (Limiting recursive functional) We call a map
from tuples of sequences of number-theoretic functions and natural numbers
to a natural number a functional.
Let Σ be a set of total functions.
A partial functional, F (φ1, · · · , φr, p1, · · · , ps), where r, s ≥ 0, will be called
limiting recursive on Σ if there is a number-theoretic, total recursive function
g(z1, · · · , zr, p1, · · · , ps, n) satisfying
F (φ1, · · · , φr, p1, · · · , ps) = lim
n
g(φ˜1(n), · · · , φ˜r(n), p1, · · · , ps, n)
for all r-tuples 〈φ1, · · · , φr〉 of functions in Σ and all p1, · · · , ps ∈ N, where φ˜(n)
represents a code of the ﬁnite sequence 〈φ(0, p1, · · · , ps), · · · , φ(n, p1, · · · , ps)〉.
In general, limn h(p, n) = ηp represents ∃n∀m ≥ n(h(p,m) = ηp).
F will be called simply limiting recursive if Σ is the class of all total
recursive functions.
We will give one example of the limiting recursive functional, which will
be used in this article.
Example (Limit functional:cf.Section 4 of [6]) Let φ denote a number-theoretic
function, and let Lim be a partial functional such that
Lim(φ, p1, · · · , ps) = lim
n
φ(n, p1, · · · , ps).
Then Lim is limiting recursive.
3 R-computability and A- computability
We will deﬁne the notion of A-computable real numbers and real number se-
quences relative to the R-computable sequence of real numbers {ak} assumed
above. It is a generalized notion of A-computability seen in Section 6 of [5].
Deﬁnition 3.1 (1) Let Q be the set of rational numbers in R, and put
AQ = J ∩ Q. For each k ∈ Z, we introduce a symbol ιk. ιk is meant to be a
“symbolic name” for ak, and will be called an ι-symbol.
AQ ∪ ∪k∈Z{ιk} will be denoted by A∗Q.
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(2) A multiple sequence {qµn} from A∗Q is called an A-sequence if, for
each µ, there is a k ∈ Z so that either qµn = ιk for all µ or {qµn} ⊂ Jk. Here
µ is a ﬁnite sequence of natural numbers.
(3) An A-recursive sequence is an A-sequence that is recursive. (It should
be clear how to extend the notion of recursive sequences to those with ι-
symbols.)
(4) Let {xm} be a sequence from AR.
{xm} A 〈qmn, αA(m, p)〉 (∗)
will denote the following.
{qmn} ⊂ Jk if xm ∈ Jk, and {qmn} = {ιk} if xm ∈ Ak, and
∀p∀l ≥ αA(m, p)(|xm − qml|A < 1
2p
), (∗∗)
if xm ∈ Jk, where |xm − qml|A = |xm − qml|.
If (∗) holds, then {qmn} is said to eﬀectively A-approximate {xm} with
modulus of convergence αA. Notice that {qmn} is assumed to be an A-
sequence.
Note Notice that ιk is not an element of AR, but is only a symbolic name.
If xm ∈ Ak, then xm is ak and qmn = ιk for all n, and hence we do not need to
require any condition as (∗∗).
We can easily extend this deﬁnition to any multiple sequence. In particular,
for a double sequence {xim} ⊂ AR,
{xim} A 〈qimn, αA(i,m, p)〉 (∗)
will denote the following.
{qimn} ⊂ Jk if xim ∈ Jk, and {qimn} = {ιk} if xim ∈ Ak, and
∀p∀l ≥ αA(i,m, p)(|xim − qiml|A < 1
2p
), (∗∗)
if xim ∈ Jk, where |xim − qiml|A = |xim − qiml|.
If (∗) holds, then {qimn} is said to eﬀectively A-approximate {xim} with
modulus of convergence αA.
(5) {xm} ⊂ AR is called A-computable if it is eﬀectively approximated
by a recursive A-sequence {qmn} ⊂ A∗Q and a recursive function αA(m, p).
We can easily extend this deﬁnition to any multiple sequence. In particular,
a double sequence {xim} ⊂ AR is called A- computable if it is eﬀectively
approximated by a recursiveA-sequence {qimn} ⊂ A∗Q and a recursive function
αA(i,m, n).
(6) A real number x is called A-computable if the sequence {x, x, x, · · ·}
is A-computable.
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Proposition 3.2 For a single real number x, x is R-computable if and only
if x is A-computable.
The proof is similar to that of Proposition 6.4 in [5]. We will study below
how R-computable sequences and A-computable sequnces are related.
Remark From the information on {xm}, that is, 〈rmn, α〉 which represents
{xm}, one can eﬀectively ﬁnd a recursive sequence of integers {km} such that
akm < xm < akm+2 eﬀectively. {km} will henceforth be used in this context.
The deﬁnition {km} can be extended to multiple sequence {xµn}.
Deﬁnition 3.3 Recall
ak  〈vkn, γ〉 ,
and suppose {xm} is R-computable with
xm  〈rmn, α〉 .
(See the beginning of Section 2 for .)
(1) We will subsequently use two complementary conditions, A(m, p) and
B(m, p) as follows.
A(m, p) : |vkm+1γ(km + 1, p)− rmα(m,p)| ≤
4
2p
B(m, p) : |vkm+1γ(km+1,p) − rmα(m,p)| >
4
2p
(2) Deﬁne a sequence of natural numbers, {Nmp} by
Nmp = 0 if A(m, p),
Nmp = 1 if B(m, p).
(3) Deﬁne lm := Lim({Nmp}p).
General Fact Suppose x  〈rk, α〉, y  〈sk, β〉 and |rα(p)− sβ(p)| > 42p . Then
q ≥ p+ 2⇒ |rα(q) − sβ(q)| > 4
2q
.
Lemma 3.4 (1) (1.1) A(m, p) and B(m, p) are recursive and, for every
p ∈ N, exactly one of A(m, p) and B(m, p) holds.
(1.2) If B(m, p), then ∀q ≥ (p+ 2).B(m, q).
(1.3) ∀p.A(m, p) ∨ ∃pB(m, p) holds.
(2) {Nmp} is recursive and lm = Lim({Nmp}p) exists for every m.
(3) ∀pA(m, p) if and only if lm = 0; ∃pB(m, p) if and only if lm = 1.
(4) (4.1) If B(m, p) holds, then |xm − akm+1| > 22p .
(4.2) If A(m, p) holds, then |xm − akm+1| ≤ 62p .
(5) If ∃pB(m, p), then xm = akm+1; if ∀pA(m, p), then xm = akm+1.
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Proof (1.2) is a consequence of General Fact above.
(2) and (3) are consequences of (1).
Recall now that |akm+1 − vkm+1γ(km+1,p)| ≤ 12p and |xm − rmα(m,p)| ≤ 12p are
assumed.
(4.1) Assume B(m, p) holds. Then by deﬁnition
4
2p
< |vkm+1γ(km+1,p) − rmα(m,p)|
≤ |vkm+1γ(km+1,p) − akm+1|+ |akm+1 − xm|+ |xm − rmα(m,p)|.
Then,
|akm+1 − xm| >
2
2p
− |vkm+1γ(km + 1, p)− akm+1| − |xm − rmα(m,p)|
>
4
2p
− 1
2p
− 1
2p
=
2
2p
.
(4.2) Assume A(m, p). Then
|xm − akm+1| ≤ |xm − rmα(m,p)|+ |rmα(m,p) − v(km+1)γ(km+1,p)|
+|v(km+1)γ(km+1,p) − aakm+1 | ≤
1
2p
+
4
2p
+
1
2p
=
6
2p
.
We show that R-computable sequences of real numbers and A-computable
sequences of real numbers are related via the sequence {lm}. (See (3) of
Deﬁnition 3.3 for {lm}.)
Theorem 3.5 (R-computability and A-computability of real sequences) (1)
Let {xm} be anR-computable sequence of “real numbers” with xm  〈rmn, α〉.
Then we can construct an A-computable double sequence of real numbers,
say {zmp}, which converges to {xm} with a modulus of convergence ν which
is “recursive in {lm}.”
(2) Let {xm} be an A-computable sequence of real numbers with xm A
〈qmn, αA〉. Then {xm} is R-computable, that is, we can construct a recursive
sequence of rational numbers {hmn} and a recursive function λ such that
xm  〈hmn, λ〉.
Proof (1) Deﬁne {zmp} as follows.
zmp := a(km+1) if A(m, p); := rmα(m,p) if B(m, p).
{zmp} is a sequence of real numbers. Deﬁne next anA-recursive triple sequence
from A∗Q, say {tmpl}, as follows.
tmpl := ιkm+1 (for all l) if A(m, p); := rmα(m,p) (for all l) if B(m, p).
Put δ0(m, p, l) = 1 for all m, p, l. Then
{zmp} A 〈tmpl, δ0〉
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and hence {zmp} is A-computable.
By (5) of Lemma 3.4, {zmp} converges to {xm}.
As for a modulus of convergence ν, deﬁne ν as follows.
ν(m, p) := max(pm, p+ 2) if lm = 1, where pm = minpB(m, p) + 2;
ν(m, p) := 1 if lm = 0.
Notice that pm is deﬁned under the assumption lm = 1. By (3) of Lemma
3.4, it is obvious that ν is “recursive in {lm}”.
(2) Suppose {xm} is A-computable with
xm A 〈qmn, αA〉 .
Then deﬁne
hmn := qmn if qmn = ιkm+1; := vkmn if qmn = ιkm+1.
{qmn} is a recursive sequence of rational numbers. (We can assume that
“qmn = ιkm+1?” is decidable.) Deﬁne next
λ(m, p) := αA(m, p) if qmp = ιkm+1; := γ(km + 1, p) if qmn = ιkm+1.
λ is a recursive function. Now
xm  〈hmn, λ〉
and hence {xm} is R-computable.
Remark The uniform space A in Section 6 of [5] is a special case where
ak = k. So, we did not need ι-symbols. There we claimed that there is an
R-computable sequence of reals which is not A-computable. The example is
{xn} given in Chapter 0 of [4]; for a recursive injection a whose range is not
recursive, xn = 2
−m if n = a(m) for some m and = 0 otherwise.
4 Sequential computability of a function
The function f : R→ R of our interest will satisfy the following conditions.
(i) For each (R-)computable real number x, f(x) is R-computable.
(ii) There is a recursive function κ with which, for any x, y such that
ak < x, y < ak+1 and |x− y| < 12κ(k,p) , |f(x)− f(y)| ≤ 12p .
We will assume these conditions in this section.
The condition (ii) indicates that f can jump at ak for any k, but is eﬀec-
tively uniformly continuous on the open interval (ak, ak+1).
We will ﬁrst give deﬁnitions of sequential computability of a function as
above with respect to the Euclidean topology and with respect to the A-
topology.
Deﬁnition 4.1 (1) A real function f as above is called L-sequentially com-
putable (meaning “limiting sequentially computable”) if, for anyR-computable
sequence of real numbers {xm}, xm  〈rmn, α〉, we can construct a recursive
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sequence of rational numbers {smp} and a function δ which is “recursive in
{lm}” such that f(xm)  〈smp, δ〉. ({ln} is as deﬁned in Deﬁnition 3.3.)
(2) A real function f as above is called A-sequentially computable if,
for any A-computable sequence of real numbers, we can construct a recur-
sive sequence of rational numbers {smp} and a recursive function β such that
f(xm)  〈smp, β〉.
Theorem 4.2 (From L to A) An L-sequentially computable function f is
A-sequentially computable.
Proof Suppose f is L-sequentially computable.
Let {xm}  〈qmn, αA(m, p)〉 be an A-computable sequence of reals. By (2)
of Theorem 3.5, {xm} is R-computable.
By virtue of the condition on f as stated in (1) of Deﬁnition 4.1, it suﬃces
to show that there is an eﬀective way of comuting the value of lm (= 0, 1).
Since {xm} is an A-computable sequence, the following holds.
If xm ∈ A, then there is a km so that rmp = ιkm for all p. If xm ∈ J , then
one can compute a km so that akm < xm < akm+1 or akm+1 < xm < akm+2, and
so qmp ∈ Jkm or qmp ∈ Jkm+1 for all p. So, we can compute the value of lm by
examining qm1.
We have thus given eﬀectively a recursive pair 〈{smp}, β〉 so that f(xm) 
〈smp, β〉.
Theorem 4.3 (From A to L) An A-sequentially computable function f is
L-sequentially computable.
Proof Assume f is A-sequentially computable. Consider any R-computable
sequence of real numbers {xm} and let {km} be the recursive sequence of
integers as deﬁned in Section 3, that is, akm < xm < akm+2. Let {zmp}
be the A-computable sequence of real numbers as deﬁned in Theorem 3.5.
Then by the assumption that f be A-sequentially computable, {f(zmp)} is
an R-computable sequence of real numbers. So, there is a recursive (triple)
sequence of rational numbers {umpl} and a recursive function η(m, p, l) such
that f(zmp)  〈umpl, η〉.
Our goal is to ﬁnd a recursive sequence of rational numbers {smp} and a
function δ which is recursive in {lm} so that
f(xm)  〈smp, δ〉 .
Notice that
|f(zmp)− umpη(m,p,l)| ≤ 1
2l
(1)
holds.
Put p∗ = max(κ(m, p), p). We will ﬁrst show that with
smp = ump∗η(m,p∗,p∗)
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it holds
f(xm) = lim
p
smp.
Lemma 3.4 in Section 3 will be utilized.
If lm = 0, then xm = akm+1 = zmp for all p, and hence
f(xm) = f(akm+1) = f(zmp)  〈umpl, η〉 .
It is a mathematical fact that from this relation follows
f(xm) = lim
p
ump∗η(m,p∗,p∗),
or
f(xm) = lim
p
smp.
If lm = 1, then x = akm+1. Assume for example, akm < xm < akm+1. Then
for every p ≥ pm, where pm has been deﬁned in the proof of Theorem 3.5,
zmp = rmα(m,p). Since xm  〈rmp, α〉,
|xm − rmα(m,p∗)| ≤ 1
2p∗
≤ 1
2κ(m,p)
.
So, by the property on f , for p ≥ pm,
|f(xm)− f(zmp∗))| ≤ 1
2p
.(2)
(1) with p = l = p∗ yields
|f(zmp∗)− ump∗,η(m,p∗,p∗)| ≤ 1
2p∗
≤ 1
2p
.
This together with (2) implies
|f(xm)− ump∗,η(m,p∗,p∗)| ≤ 1
2p−1
.
So,
f(xm) = lim
p
smp
Next, the modulus of convergence δ is obtained as follows.
Put δ(m, p) := 1 if lm = 0; := max{pm, p+2} if lm = 1. δ is thus “recursive
in {lm}.”
Remark There are examples of functions satisfying (i) and (ii) above in
Section 6 of [5] and Section 4 of [6]. In these articles, these functions are
claimed to be A-sequentially computable in the former and L-sequentially
computable in the latter. Let us quote some of the examples here. The integer
part function [x] is shown to be L- sequentially computable by means of the
“least value functional” in Theorem 2 of [6] and the ﬁrst part of the proof
of Proposition 6.7 in [5] demonstrates that it is A-sequentially computable.
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Some other examples are the functions x − [x], ]x[ where ]x[= n if and only
if n < x ≤ n + 1, σ(x) where σ(x) = 1(x ∈ (0,∞)),= 1
2
(x = 0),= 0(x ∈
(−∞, 0)) (cf. Examples 3∼6 in [6]).
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